Abstract. Let (M, g) be a smooth compact Riemannian manifold of dimension N ≥ 2. We prove the existence of a family (Ω ε ) ε∈(0,ε0) of self-Cheeger sets in (M, g). The domains Ω ε ⊂ M are perturbations of geodesic balls of radius ε centered at p ∈ M, and in particular, if p 0 is a non-degenerate critical point of the scalar curvature of g, then the family (∂Ω ε ) ε∈(0,ε0) constitutes a smooth foliation of a neighborhood of p 0 .
Introduction and main results
Given a measurable set A and an open set Ω in a compact Riemannian manifold (M, g), the relative perimeter, P (A, Ω), of A in Ω is defined (see for instance [18] and we say that u is a function with bounded variation in Ω if its total variation is finite. The space of functions with bounded variation in Ω is denoted BV (Ω). We notice that P (A, Ω) is the total variation of the characteristic function 1 A in Ω. Let A be a set of finite perimeter in M, then from De Giorgi's structure Theorem [9, Theorem 2.2] (see also [11, Remark on p.161] or [1] ), we have the Gauss-Green formula
Let Ω be an open set in (M, g) with smooth boundary. The Cheeger constant h(Ω) of Ω is defined by
where the domain A varies over all measurable subsets of Ω with finite perimeter and positive N-dimensional Riemannian volume denoted by |A|. It was first introduced by J. Cheeger in [5] to obtain geometric lower bound of eigenvalues on Ω. We refer the reader to [1] and [17] for an introductory survey on the Cheeger problem and to [2, 3] for further results on manifolds. Some isoperimetric estimates are also given in [13] . The Cheeger constant has physical applications in modeling of land slides [4] , in image processing [12] and in fracture mechanics [14] . Any set F in Ω which realizes the infimum (1.2) is called a Cheeger set in Ω. If Ω is a minimizer for (1.2), we say that Ω is self-Cheeger. Ω will be called uniquely self-Cheeger, if any Cheeger set in Ω is equal to Ω up to a Riemann measure zero set. The main result of this paper is the following. 
Moreover, if p 0 is a non-degenerate critical point of the scalar curvature s of g, then the family (∂Ω ε ) ε∈(0,ε 0 ) constitutes a smooth foliation of a neighborhood of p 0 . 
where λ is a positive constant, ∆ g = div(∇ g ) is the Laplace-Beltrami operator and η is the unit outer normal of ∂Ω. If
then Ω is a uniquely self-Cheeger set with Cheeger constant equal to 1 λ .
Then there exists ε 0 > 0 such that for all ε ∈ (0, ε 0 ), there exist a smooth domain Ω ε and a function u ε ∈ C 2 (Ω ε ) such that
(1.5)
In particular if p 0 is a non-degenerate critical point of the scalar curvature s of g, then the family (∂Ω ε ) ε∈(0,ε 0 ) constitutes a smooth foliation of a neighborhood of p 0 .
The domains Ω ε in Theorem 1.3 are perturbations of geodesic balls B g ε (p) centered at p with radius ε. Indeed, we have that 6) where the constant c is independent on ε.
If p 0 is a non-degenerate critical point of the scalar curvature s of g, we obtain a precise form of the boundary of the domains Ω ε : there exists a smooth function
and moreover the map ε → ω ε satisfies ∂ ε ω ε | ε=0 = 1.
From the result of Micheletti and Pistoia in [15] , it is known that for a generic metric on a manifold, all critical points of the scalar curvature are non-degenerate. The result of Theorem 1.1 then implies that for a generic metric g ′ , a neighborhood of any critical point of the scalar curvature can be foliated by a family (∂Ω ε ) ε∈(0,ε 0 ) , where Ω ε is a uniquely self-Cheeger with Cheeger constant equal to N/ε. This can be seen as the analogue of Ye's result, who proved in [20] that around a non-degenerate critical point of the scalar curvature function in a Riemannian manifold, there exists a unique regular foliation by constant mean curvature spheres. It is an open question to know whether the hypersurfaces constructed by Ye enclose self-Cheeger sets. Indeed, Nardulli [16] proved that the sets constructed by Ye are solutions to the isoperimetric problem in a small neighborhood of the non-degenerate maxima of the scalar curvature function. From the author's knowledge, except in space of constant sectional curvature, a condition under which a solution to the isoperimetric problem is a self-Cheeger set is not yet known. The relation between solutions to the isoperimetric problem and self-Cheeger sets is discussed in Remark 3.1.
Proof of Theorem 1.2
Let u be the solution of (1.3) in Ω. We claim that |∇u| g < λ in Ω.
(2.1)
Indeed, we consider the smooth function P : M → R defined by
We recall Bochner's formula (see [19] ): for all u ∈ C 3 (M),
where Ric g is the Ricci curvature of g, Hess g (u) stands for the Hessian of u and we have denoted |A| 2 = tr(AA t ) for a bilinear form A. By the Cauchy-Schwarz inequality,
Since −∆ g u = 1 in Ω, we get from (2.2) and (2.3) that
Using the assumption Ric g (∇u(q), ∇u(q)) > −1/N in Ω, we get ∆ g P > 0 in Ω. Thus by the strong maximum principle, P attains its maximum only on ∂Ω. Since P ≡ λ 2 on ∂Ω by (1.3), the claim (2.1) follows. Let A ⊆ Ω be a set of finite perimeter. Then integrating (1.3) on A and applying the claim (2.1) with the Cauchy-Schwarz inequality, we get
Recalling Ω is Lipschitz, we integrate (1.3) on Ω and use (2.4) to get the inequality
which shows that Ω is self-Cheeger with Cheeger constant equal to 1/λ.
To complete the proof, its remains to show that Ω is uniquely self-Cheeger. Let C be a Cheeger set inside Ω, we need to show that |Ω \ C| = 0.
Since C is a Cheeger set we have |C| = λP (C), and writing (2.4) with C in place of A, we get
From this and (2.1) we get |∇u| = λ on ∂ * C, σ g − almost everywhere
and hence ∂ * C ⊆ ∂Ω.
We now prove that |Ω\C| = 0. This follows from Poincaré-Wirtinger's inequality [10, Theorem 2.10]:
where k > 0 is a constant only depending on Ω and
Since Ω has Lipschitz boundary, for every w ∈ BV (Ω) there exists a sequence (
and
Inequality (2.5) then also holds in the space BV (Ω). For w = 1 C ∈ BV (Ω), we have
From this and (2.5), we get
Since ∂ * C ∩ Ω = ∅, we have P (C, Ω) = |∂ * C ∩ Ω| = 0. Thanks to the above inequality, |Ω \ C| = 0, and the proof of Theorem 1.2 is complete.
Proof of Theorem 1.1
In view of Theorem 1.2, the proof of Theorem 1.1 will be fulfilled once we show that the solution u ε to (1.5) satisfies
Denote by r p (·) := dist g (p, ·) the Riemannian geodesic distance function to p. We recall that for all ε ∈ (0, ε 0 ), the solution u ε to (1.5) is given (see [8, Section 3] ) by
where
and c is a positive constant independent on ε. Since M is compact, there exists a positive constant C depending only on M such that
Using (3.1) and the fact that |∇r p (·)| g = 1, we get
where c is a positive constant only depending on M. This together with (3.2) implies that
where C is a positive constant only depending on M. Finally, it follows from (3.3) that for all ε small enough
This ends the proof of Theorem 1.1.
It is an open problem to know if the sets enclosed by Ye's hypersurfaces are self-Cheeger sets on M. It is known (see [6, 16] ) that solutions to the isoperimetric problem with small volume are near the maxima of the scalar curvature, and if this maximum is non-degenarate, then [16] implies that, solutions to the isoperimetric problem are among Ye's sets. As we shall see below, it might be possible to have some answers to the above open problem, provided higher order Taylor expansions of the perimeter of an isoperimetric set, as volume tends to zero, is available.
In what follows, B denotes the unit Euclidean ball of R N and we put ω N −1 := |∂B|. The isoperimetric profile of a compact Riemannian manifold is given, see [6, 16] by
while the Cheeger isoperimetric profile is defined [7, section 4] by If we further assume that E is a self-Cheeger set so that h(E) = P (E) |E| , then by (3.6) and the definition of H M in (3.4), we get
A higher order expansion of the perimeter of an isoperimetric set is then needed in order to derive a (necessary) condition under which a solution to the isoperimetric problem (or more generally the enclosure of a Ye's hypersurface) is a self-Cheeger set.
